The limit load of 3D 2.25Cr-1Mo steel pressure vessel structures with volume defect at 873 K is numerically investigated in the present paper, and limit load under high temperature is defined as the load-carrying capacity after the structure serviced for a certain time. The Norton creep behavior with Kachanov-Robotnov damage law is implemented in ABAQUS with CREEP subroutine and USDFLD subroutine. Effect of dwell time to the material degradation of 2.25Cr-1Mo steel has been considered in this paper. 190 examples for the different sizes of volume defects of pressure vessels have been calculated. Numerical results showed the feasibility of the present numerical approach. It is found that the failure mode of the pressure vessel depends on the size of the volume defect and the service life of the pressure vessel structure at high temperature depends on the defect ratio seriously.
Introduction
With the rapid development of modern industry, the world demand for power supplies will increase by up to 50% in the next 20 years [1] . Thus, developing effective energy resources becomes essential. The effective energy sources always come from nuclear power plants, fossil fired power plants, and petrochemical industries. In these fields, pressure vessel and piping structures are always used at high temperature for a long time. Meanwhile, it cannot be avoided that the high temperature devices contain volume defects result from welding, polishing, corrosion, and oxidation in the manufacture, assembling, and operation procedures. The volume defects include slag inclusion, volume pit, and pore, which can reduce the strength of structures and even lead to the leaking and explosion accident. The limit analysis for the structure with volume defect is very important in structure safety assessment. Through limit analyzing, the limit load of structure can be obtained which is a theoretical foundation for rational design and safety assessment of pressure vessel and piping. The limit analysis of structure is also an important and practical branch of plastic mechanics, whose theory foundation was established at the beginning of 1910s. In 1950s, the complete theory of upper and lower bound for limit analysis was presented by Drucker and Hill [2, 3] . In this theory, perfect plastic, small deformation, and proportional loading were assumed for simplifying the limit analysis. Hodge and Belytschko [4] [5] [6] studied the plastic limit analysis for plane and axial symmetry shell structures. Maier and Munro [7] reviewed the engineering application of plastic limit analysis. However, these researches were just based on beam, symmetry structure, and plane problem. For the complex structures in engineering, it is difficult to obtain the analytical solution because of the discontinuity of geometry and complex loading; therefore, the limit analysis was hard to complete.
With the development of computer hardware and finite element method, the limit analysis for complex structure can be carried out using numerical method. In 1965, Koopman and Lance [8] studied the plastic limit load using nonlinear mathematical programming firstly. Then, Lance and Koopman [9] used this method to analyze the 2D plate and symmetry shell structure. Maier et al. [10] used the method of successive linear approximation to the yield surface, which converted the nonlinear mathematical programming to multiple linear mathematical programming. In 1981,
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Christiansen [11, 12] presented a mathematical programming method to complete the limit analysis using hybrid finite element to approach infinite dimension based on von Mises yield criterion. Berak and Gerdeen [13] presented a P-norm method based on lower bound method of limit load, and then Chen [14] developed the P-norm method and proposed a dimension reduced iteration method to complete the limit analysis for pressure vessel structure with volume defect. Mackenzie et al. [15] proposed a simple method, named the elastic compensation method, to estimate the limit load of pressure vessel structure. In this method, upper and lower bound method was not used; nevertheless, a series of elastic direct iterations were applied to obtain the limit load, which is convenience for engineering application. Liu et al. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] used the penalty-duality algorithm and direct iteration method to analyze the limit load of 3D structure. The pressure vessels with volume defects were analyzed, and the failure modes for different defects were presented. A series of numerical results and fitting curves of limit load were given, which indicated the numerical method for limit analysis of complex structures was available, feasible, and reasonable. However, the researches of limit load were done at room temperature condition. With the pressure vessels being widely used in high temperature fields, the limit analysis for these structures with volume defects would become more significant.
In the high temperature environment, ferritic steels, such as Cr-Mo steel, are used extensively as structural materials of pressure vessel. Pressure vessel components operating at high temperatures are subjected to creep damage, which results from the formation, growth, and coalescence of cavities and also from the enhanced microstructural degradation in the form coarsening of precipitates and dislocation substructure under stress [26] . Recently, several studies have been performed to investigate and model the creep damage behavior in Cr-Mo steel. Al-Faddagh et al. studied the effect of state of stress on creep behavior of 2.25Cr-1Mo steel [27] . Wu et al. [28] carried out the numerical analysis to study the influence of constraint on creep behavior in notched bars considering various factors. Ray et al. [29] reported the long term creeprupture behavior of 2.25Cr-1Mo steel between 773 and 873 K. Basirat et al. [1] carried out a study of the creep behavior of modified 9Cr-1Mo steel using continuum-damage modeling. Goyal et al. studied the creep cavitation and rupture behavior of 2.25Cr-1Mo steel [30] . Results showed that the creep damage would increase with the increment of stress level, and the tensile strength and yield stress would decrease with the increment of temperature and creep damage. It is worth noting that the yield stress reduction would lead to the limit load reduction, which means the limit load calculation of pressure vessel structure at high temperature would depend on temperature, creep damage, and different stress levels. However, few researchers had considered the aspects above in the limit analysis of pressure vessel structure at high temperature.
In the present paper, limit load under high temperature is defined as the load-carrying capacity after the structure serviced for a certain time, and limit analysis of pressure vessel structure at 873 K has been numerically studied.
The material is 2.25Cr-1Mo steel and Norton creep behavior with Kachanov-Robotnov damage law has been implemented in ABAQUS by the CREEP subroutine and USDFLD subroutine, and yield stress reduction due to temperature, creep damage, and different stress levels is also considered here. Meanwhile, effects of volume defects sizes to the limit load are given.
Finite Element Model

Creep Constitutive Model with Continuum Damage
Mechanics Law. At high temperature, creep deformation was dominated and the redistribution of stresses was found to be dependent on the creep constitutive laws obeyed by the material [30] . Typical creep deformation includes three regimes, primary, secondary, and tertiary creep regimes. For the purpose of easy application, Yatomi et al. [31] [32] [33] [34] and Oh et al. [35] proposed a model which is similar to Norton's law and considers the average creep strain rate,̇, in their researches. The simplest model has been written in the powerlaw form aṡ= ,
where and are the creep coefficient and exponent of material constants, respectively. denotes the equivalent (von Mises) stress. In order to describe the entire creep curves accurately, Oh et al. [36] used a strain-hardening creep law composed of three termṡ
where 1 , 2 , 3 , 1 , 2 , 3 , 1 , 2 , and 3 are the material constants from creep experiment data and denotes the equivalent creep strain. Although the creep curves dependent on these phenomenological creep laws agree with the creep data well when creep softening is a consequence of plastic strain, it cannot be proper for materials subjects to damage mechanisms [37] . However, the continuum damage mechanics (CDM) constitutive may be more reasonable because it takes account of degradation mechanisms.
Kachanov [38] and Rabotnov [39] model has been widely accepted and used for predicting the tertiary creep behavior of the material, and the creep strain rate is defined by the following equation:̇=
where and are material constants in Norton's law,̇and are the creep strain rate tensor and deviatoric stress tensor, respectively, and is the damage parameter varying from 0 to 1 indicating virgin material and fully damaged material, respectively.
The creep damage evolution equation as a function of stress and current damage is described by the following equation:̇= where , , and are material constants, and is the rupture stress defined by [40] 
where 1 is maximum principle stress, is a material constant which describes the effect of multiaxial stress states, and denotes the equivalent stress. It was found that high stress level would lead to high creep strain rate and creep damage; in the present paper, high stresses are mainly caused by volume defects and the effects of different shape parameter of volume defect are considered. Finite element analysis of creep deformation was carried out using the commercial codes ABAQUS [41] . To define the time-dependent and creep damage behavior, (3)-(5) have been implemented into the ABAQUS user subroutine CREEP. The rupture stress was calculated from von-Mises stress and maximum principle stress. The von-Mises stress can be obtained from CREEP subroutine. However, in order to get the maximum principle stress, USDFLD and GETVRM subroutines were used. The detail simulation technique about how the three subroutines worked collaboratively is illustrated in Section 2.3. Compositions of chemical component and material properties for 2.25Cr-1Mo steel at 873 K are listed in Tables 1 and 2 , respectively. It should be pointed out that the Kachanov-Robotnov model coding by CREEP subroutine has been earlier successfully to evaluate the damage evolution under creep condition [42] .
Elastic-Plastic
Material Properties. The calculation of limit load is dependent on the yield stress of material. However, the yield stress of 2.25Cr-1Mo steel material is not a constant at high temperature under creep condition. It is revealed that the tensile strength and yield stress would decrease with the temperature and creep damage increase [43] . The yield stress reduction would lead to the limit load reduction, which means the limit load calculation of pressure vessel structure at high temperature would be dependent on temperature and creep damage.
The elastic perfectly-plastic model is used for calculating limit load in current work. The reduced yield stresses (RYS) for 2.25Cr-1Mo at 873 K are obtained from ASME codes NH-III which fits for class 1 components in elevated temperature service [43] , and fitting function of the yield stress curve when creep dwell time is larger than 300 hours is described by the following equation:
where 0 , , and are initial yield stress, dwell time, and time-dependent reduced yield stress for 2.25Cr-1Mo steel at 873 K, respectively. Considering the creep damage would also cause the reduction of yield stress, the time-dependent and creep damage-coupled yield stress is described below
where denotes the effective yield stress considered temperature and creep damage. The plastic material properties for 2.25Cr-1Mo steel at 873 K are listed in Table 3 .
To define the time-dependent plastic behavior, the USD-FLD subroutine was used to obtain the dwell time and step time at each time increment beginning and then redefine the yield stress by changing Field 1 value. The effective yield stress coupled with creep damage was controlled by Field 2 value. The detailed simulation technique steps for limit load calculation coupled with temperature and creep damage in present work are described in the next section.
Simulation Technique
Steps. There are totally three simulation technique steps for limit analysis in this paper, which is described in detail as below and overall structure of the limit analysis solution is shown in Figure 1 . Figure 2 shows the load history of the three steps.
Step 1 (start-up period). Normal working loads, such as internal pressure and axial force, were applied on the cylindrical shell pressure vessel structure with different shape of volume defect, and USDFLD subroutine was called to define the Young's module , Possion ratio ], and yield stress 0 of virgin material of 2.25Cr-1Mo steel.
Step 2 (normal service period). In this step, results from
Step 1 would be used to define the initial state for the coupled creep damage and time-dependent plastic calculation. USDFLD subroutine was used to obtain the dwell time and step time at each time increment beginning and then redefine the yield stress by setting Field 1 value based on Table 3 . Meanwhile, GETVRM subroutine was called in USDFLD to obtain maximum principle stress and pass it into CREEP subroutine for calculating the rupture stress by (5) at each time increment. When the rupture stress and von-Mises stress were obtained, damage accumulation was determined by (4) , and the creep strain rate was calculated by (3). The creep strain rate and damage were updated at each end of increment and passed on to ABAQUS, if the damage is larger than 1.0, and the calculation would stop.
Step 3 (limit analysis period). In this step, stress field at the end of Step 2 was defined as initial state for limit analysis. USDFLD subroutine was used again to get creep damage parameter for calculating the effective yield stress by (7) . The yield stress was replaced by effective yield stress by setting Field 2 value similar as Field 1 for limit analysis. When
Step 3 4 Mathematical Problems in Engineering was completed, the limit analysis of pressure vessel structure at high temperature had been done.
Geometry of the Cylindrical Shell Pressure Vessel with
Volume Defect. Because of the symmetry of the structure, one quadrant of the pressure vessel has been modeled. The geometry of the cylindrical shell pressure vessel with volume defect is shown schematically in Figure 2 , where is the outer radius of the cylindrical shell, is the inner radius of the cylindrical shell, is the wall thickness of the cylindrical shell, is the length of cylindrical shell, and are the half of axial and circumferential length of the volume defect, respectively, and is the depth of the volume defect.
Define, respectively, the dimensionless axial length of the volume defect as = / , the dimensionless circumferential length of the volume defect as = / , the dimensionless depth of the volume defect as = / , and the ratio of outer radius versus inner radius of cylindrical shell as = / . The basic geometry parameters are listed in Table 4 . In order to calculate the limit load of cylindrical shell pressure vessel structure with different shape parameter of volume defect and dwell time, the following nondimension parameters were considered: , dimensionless axial length of the volume defect, whose values are 1.0, 3.0, and 5.0, , dimensionless circumferential length of the volume defect, whose values are 1/1, 1/3, and 1/4, , dimensionless depth of the volume defect, whose values are 0.33, 0.5, and 0.6, , dwell time (hours), whose values are 0, 100, 300, 1000, 3000, 10000, and 30000.
Boundary Condition and Applied
Loading. The symmetric boundary conditions (Sym-BC) have been applied on the symmetry surface. The boundary condition and applied loading of the cylindrical shell pressure vessel structure are shown in Figure 3 , where is the internal pressure which is 9.8 MPa and denotes the axial force as given below 
Mesh and Limit Load Validation.
The FE mesh for 3D symmetric model of the pressure vessels is shown in Figure 4 . Since the shape of volume defect is different with each FE model, element numbers of pressure vessels are ranging from 10000 to 15000, about 5 to 8 elements are meshed along the thickness direction to simulate the stress level gradient in this direction, and the element type is C3D20R. The analytical solution of limit load 0 for the cylindrical shell pressure vessel under room temperature with no defect is given as
The numerical solution of limit load is = 28.53 MPa, and the relative error is 0.51%. The relative error is less than 1% which indicates the reliability of the numerical solution of limit load using ABAQUS.
Results and Discussion
Nondimensionalization of Results.
In order to avoid the influence of different yield stress and reduce the number of variables, the limit load ratio is defined as
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Plastic Failure Modes.
The plastic failure mode of pressure vessel with volume defect under creep damage condition depends on the ratios , , and and dwell time . When is constant, the extension of plastic zone of cylinder shell with volume defect parameter ratios which are = 1.0, = 1/1, and = 0.33 when dwell time is between 0 and 30000 hours at 873 K is shown in Figures 5 and 6 . The results in Figures 4 and 5 show that the yield stress of 2.25Cr-1Mo steel at 873 K was reduced from 139 MPa to 100.86 MPa, and the maximum creep damage was increased from 0 to 0.217 when the dwell time was increased from 0 to 30000 hours. That indicated the yield stress had been reduced using USDFLD subroutine, the creep damage had been accumulated using CREEP subroutine, and the effective yield stress coupled time and creep damage had also been calculated and passed on ABAQUS successfully for limit load analysis using both of USDFLD and CREEP subroutines. The initial plastic zone was located in the bottom of spherical pit when the defect ratios were small ( = 1.0, = 1/1, = 0.33). With the internal pressure increasing, the plastic zone was expended along the axial direction until almost all the structure was yielding, which meant that the limit state was reached, and the failure mode of pressure vessel was overall structure plastic failure.
When K is constant, the extension of plastic zone of cylinder shell with volume defect parameter ratios which are = 5.0, = 1/4, and = 0.33 when dwell time is between 0 and 10000 hours at 873 K is shown in Figures 7 and 8 .
The results in Figures 7 and 8 show that the yield stress of 2.25Cr-1Mo steel at 873 K was reduced from 139 MPa to 113.41 MPa, and the maximum creep damage was increased Mathematical Problems in Engineering from 0 to 0.358 when the dwell time was increased from 0 to 10000 hours. The plastic hinge was located in the ellipsoidal pit when the defect ratios are large ( = 5.0, = 1/4, and = 0.33). With the internal pressure increasing, the locale plastic hinge was expended around the ellipsoidal pit. When the limit state was reached, the structure with this type of defect would leak in the plastic hinge zone, and the failure mode was local plastic failure.
It is important that dwell time was only up to 10000 hours, if the dwell time was larger than 12335 hours which is listed in Table 5 , and the creep damage would exceed 1.0, which meant the structure was failure. At the same time, this phenomenon indicated that the service life of the pressure vessel structure at high temperature depends on the defect ratio seriously, which will be discussed in the next section. Figure 9 shows the effect of parameters of volume defect shapes to limit loads of cylindrical shell pressure vessel structure under high temperature.
Parameter Analysis.
It can be seen from Figure 9 that, with the increment of defect depth ratio c, the limit load decreased and the smaller the defect circumferential length ratio is, the faster the limit load decreased. In a similar way, the larger the defect axial length ratio is, the faster the limit load decreased. In other words, bigger volume defect would lead to higher creep damage accumulation and smaller limit load. It is also found that, limit load changed very slowly if the dwell time is less than 300 h, as yield stress of the material is not changed within 300 h and creep damage increased a little. From Figure 9 (f) we can find that only one limit load is obtained at 10000 h when = 3.0, = 1/4, and = 0.33, if is larger than 0.33, and the limit load would be invalid because the structure is failed before 10000 h due to the creep damage. Figure 10 shows the comparisons of effect of the defect dimensions to the limit load between room temperature and high temperature. Young's module , Possion ratio ], and yield stress 0 of 2.25Cr-1Mo steel at room temperature (293 K) are 210 GPa, 0.3, and 209 MPa, respectively [44] . Figure 10 shows the comparisons of effect of the defect dimensions to the limit load between room temperature and high temperature; it is found that limit load at room temperature is independent of service time as the creep damage is not considered. At the same time, effect of the defect dimensions to the limit load is almost the same between room temperature and high temperature.
Conclusions and Discussions
In this research, a numerical limit analysis of 2.25Cr-1Mo steel pressure vessel structure at 873 K has been studied. The creep behavior with K-R damage law has been implemented in ABAQUS with the CREEP and USDFLD subroutine. Meanwhile, 190 examples for the different sizes of volume defects of pressure vessels have been calculated, and the following conclusions can be drawn.
(1) The effective yield stress based on creep damage had been calculated and passed on ABAQUS successfully using both of USDFLD and CREEP subroutines, and numerical results indicate that the present approach for limit load analysis under high temperature was feasible.
(2) When the volume defect is small, the initial plastic zone is located in the bottom of spherical pit. With the internal pressure increasing, the plastic zone is expanded along the axial direction until almost all the structure is yielding, which means that the limit state is reached, and the failure mode of pressure vessel is overall structure plastic failure. When the volume defect is large, plastic hinge exists, which locates in the ellipsoidal pit. With the internal pressure increasing, the locale plastic hinge is expended around the ellipsoidal pit. When the limit state was reached, the structure with this type of defect would leak in the plastic hinge zone, and the failure mode was local plastic failure.
(3) The service life of the pressure vessel structure at high temperature depends on the defect ratio seriously, and bigger volume defect would lead to higher creep damage accumulation and smaller limit load. Limit load changed very slowly if the dwell time is less than 300 h, as yield stress of the material is not changed within 300 h and creep damage increased a little.
(4) In the present research, limit load under high temperature is defined as the load-carrying capacity after the structure serviced for a certain time. However, the limit load could be defined in another way, such as the maximum constant load during the whole service time with creep damage behavior at high temperature. This definition of limit load for pressure vessel at high temperature will be discussed and studied in the future work.
